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motivation

* More and more precise experiment in LHC and HL-LHC or other
accelerator may be build in the future call for more precise
theoretical prediction, more efficient method to calculate
amplitude.

 Better understanding of Feynman integral’s mathematic structure
will also benefit fundamental understanding of quantum field
theory. |



IBP (integrate by part) rhethod find many relations between
Feynman integrals which greatly reduce the humber of Feynman
integrals people need to calculate.

IBP combine with differential equations transform the problem to
find the solutions of the differential equations of master integrals




canonical-form of differential equations make them
easier to solve to any order in eps
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Uniform transcendentallty (UT) and dlog

Solution of canonical form dlfferentlal equations usually are MPL

G(aq,a,,...,a,;z) transcendental weight n .

Canonical form give the solution of canonical basis in this form:

1+eqg + 5292 +... g; ~ weight 1

define €'s weight is -1, Master integrals are UT T(fif2) =T(f1)T(f2)

m~log(—1) weght 1
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Uniform transcendentality (UT) and dlog

Choose dlog-form Feynman integrals as Master integrals make
differential equations automatically canonical form

dlog-form : dlog(fi) A dlog(f2) A--- Adlog(fn)

Strategy: variable by variable
For the constructed i variables, we hope it takes the form:




Baikov representation

integration variable transformation
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Loop by loop Baikov representation
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More than one master integrals in one sector call for different
denominator besides D;
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s this form a linear combination of Feynman integral?
f the answer is Yes,
How can we transform it to Feynman integrals?




Intersection theory

Why need Intersection theory?

In mutli-loop cases’ dlog construction we encounter some expression
that is not explicitly a Feynman intergral. |

Intersection theory extend IBP to these cases and help us transform
them back to Feynman intergral, which just like do a projection in a
linear space.

And it tell us the number of master integrals
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hypergeometric functions

Boundary C located
at where pi=0

Baikov
representation



equivalence classes defined by IBP
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(| form a linear space H" whose basis (e;| is corresponding to MIs.




~ Projection

A set of complete master integrals form a basis of

Any element belong to can be decomposed to this basis

The definition of Inner product play the core role !!!



Inner product (intersection humber)

1 n
n-form: . , / :
(Y’ C

P = { poles of w }

n-form intersection number is also given in reference



Inner product (intersection humber)




intersection number

— p, and the ansatz,

max

bp= Y vi)ri + O (sl

7=min

min = ord,(¢r) + 1, max = —ord,(¢r) — 1




Number of Master Integrals

Number of Master Integrals
is the number of solution of
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examples






canonical basis
in all 1-form cases
(without elliptic

integral )




Canonical basis for one loop







Examples: massless double box
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Examples: massless double box




Examples: 4 mass triangle
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Examples: 4 mass triangle maximal cut
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Examples: 4 mass triangle maximal cut
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Examples: 4 mass triangle .
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‘n-form dlog construction




Examples: 4 mass triangle

Linear combination:
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Examples: 4 mass triangle

Linear combination:

A= A(s,m%,m3)

dlog-form corresponding to c,, cs is similar



Example: sunrise
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Conclusion

With the hint from intersection theory, we construct dlog-form integrals in form
(in Baikov representation):

/\ dz; n; € Ny

we construct enough dlog Master integrals for all one-form cases without elliptic
integral, and we also get their alphabet in general form.

we also construct enough dlog Master Integral for 4 mass triangle and some
other cases not show here. |



< Outlook

for n-form and a given u, how to know there is a dlog basis.
Is there a way to directly construct dlog at all variables level?

Extend to elliptic cases









some UT

dlog building block :
function:
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Differential equation for 2 sgrt case:
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Triangle 4 mass c4 ¢5
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Triangle 4 mass subsector










