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Computing QCD Amplitudes

» QCD amplitudes are necessary ingredients to all LHC cross sections.

» A major bottleneck in precise calculations is due to the IR divergences,
which arise from soft and/or collinear momentum configurations.

» Infrared subtraction (ZLA#MEFE) :to make the divergent integrand finite
by subtracting from it a suitable counterterm whose singular behavior
matches that of the original integrand.

» Today: an all-order IR subtraction based on QCD factorization and
Zimmermann’s forest formula.
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Infrared (IR) divergences in
perturbative QCD

> In momentum space, IR divergences are due to that the infinities of the
integrand dominates the smallness of the integration measure.

N 1 Dy AT (. _
i _ d” ky N (pa, kp)
G({p,}) = | I / dov;d E a; — 1 | I / n
{ T } i—=1 “0 i b (QTT)D [D (p{l'. k‘b; O“""i)]
external momenta [ T

Feynman parameters

loop momenta

N
with D (p,. ko) = Z O;jl? (Pas k) + 1€

j=1
» D (p,. ky: ;) must vanish if G ({p"'}) is IR divergent.
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Infrared (IR) divergences in
perturbative QCD

» D (pa, ky: ;) =0 is insufficient for an IR divergence.

TN

P(z) P(2)

» There are two exceptions where contours cannot be deformed:
(1) endpoint singularity

LT
Ca b

(2) pinch singularity

QI

Ca b
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Infrared (IR) divergences in
perturbative QCD

» To formalize the singularities - Landau equations (BHiE772)
(a necessary condition for IR divergence)

_ D (pa.-. ky: Of-i.) =0,
g D (Pa, ki i) = 0, Vj

N
where D (p,, ky: ;) = Z cm'jZ?(p{I,._ ky) + i€

j=1
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Infrared (IR) divergences in
perturbative QCD

» To formalize the singularities - Landau equations (BHIE 57FE)
(a necessary condition for IR divergence)

) D (pﬂ.'. kb- O;".i) = [)_
ﬁ[) (pa Ab (11) — [) v‘j

N
where D (p,, ky: ;) = Z cm'jZ?(p{I,._ ky) + i€

j=1

» These equations lead to a classical picture of any given IR divergent region
--- the “pinch surface”.
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Result: the general picture

Amplitude for wide-angle ! ’ \ €& —Soft divergence
scattering and decay | q L CGERRHEO
’ A‘* ff h \
é ) I \\
leading / " .

/ [ . \
pinch surface o 7, |

Collinear divergence—=

(FELRRHO pi
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Approximation operator i,

/

For each given Feynman diagram, 7, only acts on

the Feynman integrand.

For each jet with three-velocity v , , we define

1 —pu 1
.ﬁﬁ:_(lzvﬂ): 31{

\/ﬁ HA T v_/i(lz_v!‘l)
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Approximation operator i,

i 1 —d
B =—(1,v4), By=—=(1,—Va)

V2 V2
* Hard-collinear approximation (fHILZRIUTEL)

{ni}
H) (p*“ Z kS ) LN (& (((P—Zka)'.&q) b { (ki - Ba) 33})

/\ f n t {Ui}frf
1 = -
, =1 5(v-Ba) (’}’ : ,544) fermion line,
t t B4 - .
Jetmoments Hﬁ { 1 otherwise, etc.

« Soft-collinear approximation (#ILZiTLl)
,;r': {{Eﬂ: }j{'“ i} s¢ sea, *}Ef:l ({“i . 3}4) Ej{}){p} . Hﬁ??ﬂj
\ "

soft momenta
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Approximation operator i,

i 1 —d 1

« Hard-collinear approximation (321 fl)

(1._—154)

(k- B4) B4

* Soft-collinear approximation (HFLZT L)
@ —- @‘

£ e {7 Ba) By

L L L L

» These approximations ONLY act on the Feynman integrand.
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Lowest order examples (backup)

Soft
1 _
P
(pr+ 1) ~ p} +2pf1°
p1+ 1
Collinear

(p2 — k)* ~ —2py
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Induced pinch surfaces

» Motivation

A=ty At

The subtraction term — 7.4 cancels the IR divergence at 0 ;

Meanwhile, this term may induce some new IR regions.
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Induced pinch surfaces

» The pinch surfaces of 7,.4 could be very different from those of A.
A systematic study is needed.

» For example,

1
A =—(1.v
T \/Z( I)
3 Ei(l Vi)
K \/E v YK

They may not be back-to-back.

What can a pinch surface of ¢,.4
look like?
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Induced pinch surfaces

» The pinch surfaces of 7,.4 could be very different from those of .A.
A systematic study is needed.

» For example,
Br Br |

o a pinch surface of 7,4

plod
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Induced pinch surfaces

» Another example:

What can a pinch surface of ,.4
look like?

10
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Induced pinch surfaces

» Another example:

a pinch surface of t,.A

plot

10
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Induced pinch surfaces

» An all-order result:

(Theorem 1) In the induced pinch surface p{"}, all the propagators of ./ }U)
that are lightlike can only be collinear to 3/’ or ?ff .

(o ( Ao}
» The direction(s) of the subdiagram ./, ) m Jr ' is fixed!

11
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Comments on {,.4A

» The pinch surfaces of 7,.4 could be very different from those of A.
A systematic study has been given in the paper.

» However, the IR divergences in those “unphysical” regions are still at

worst logarithmic.
A power counting technique is involved.

» The approximation operators tﬁla taga .-> Lo, can act repetitively on 4.
The pinch surfaces 01, 09, ..., 0, should be ordered.

toitoy.. by, A

12




Q\\\‘ Stony Brook University

Outline

> Introduction
> Infrared divergences in perturbative QCD
> The forest structure of subtractions
» Approximations and induced IR divergences
> Definition: hard-collinear & soft-collinear
> Induced pinch surfaces
> A forest formula to subtract IR divergences
> Expression
> Pairwise IR cancellation
» Factorization --- a byproduct
> Factorization near a pinch surface
> Hard-soft-collinear factorization to all orders
» Summary and outlook




‘\\\‘ Stony Brook University

To order the pinch surfaces

(From the “smallest” to the “largest”)

13
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To order the pinch surfaces

> More precisely, we should develop the concept of
“normal space” for loop momentum £# in pinch surface o :

@ (empty) if £# is hard in o,
Ny (k") = 4 span {B’U’, ﬁi} if k* is collinear to 8" in o,

the full 4-dim space if £* is soft in o.
Then,

o1 C 09 & Ny, (ki) D Ny, (k;), V loop momentum k‘f
(nested, HRE)

14
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Normal space algebra

> “Plus” and “star” operations
(union) & (intersection)

5 NGO NO T NE [ o
N(soft) N(soft) N(soft) N(soft) N(soft)
N(I) N(soft) N’(I) N(soft) N(I)
N’(K) N(soft) N(soft) N(K) N’(K)
o NGO T NO [ NE | g

. TN T N TNE T
N(soft) N(soft) N(I) N(K) )
NO T NO T ND | 5 | &
NEO T NE T 5 I NE | 5

%) %) %) %) %)

15
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Normal space algebra

> These operations enable us to evaluate the “intersection” of
two given pinch surfaces:

(a) (b)

(Erdogan & Sterman 2015)
In this example, (c) is the intersection of (a) and (b)!

“enclosed pinch surface”

Nowcfnpier) 11) = N (1) @& Ny (1)

e11c

16
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Forest Formula {Z ] (~t) ] = 0.

FeF[A|oceF
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= 0.
FeF[A]ocF

Forest Formula {Z IT (~t.) A

» Each [ is called a “forest”: a set of nested pinch surfaces.

» [, is the approximation operator, whose associated pinch
surface o is an element of the forest F'.

» The {, products are ordered (smallest pinch surface to the right).

17
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An example of {Z [T () } - 0.

FeF[AloeF

<
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An example of {Z 11 =) } =0.

FeF[A]ocF

<

F =g, {01} ; {02} ; {03} ; {Ula JQ} ; {Jlﬂ 03}
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An example of {Z [T () } - 0.

FeF[AloeF

A — J. Collins, Foundations of Perturbative QCD,
Cambridge University Press, 2011

<

F = Qja {O_l} 3 {0_2} 3 {0_3} 3 {0'1:. 0_2} 3 {0_13 0_3}
("4 o f’_'irl"ﬁl o tisz o ti’aA + tﬂ’ltUzA + tgltJEA]di? =0

18
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History: the UV Forest Formula (BPHZ)

» Bogoliubov’s recursive R-operation (Bogoliubov & Parasiuk 1957)

RIT)=> Z(S)=r/S,  Z(S)=]]2().

» A complete given by Hepp (Hepp 1966)
> It is from the aspect of axiomatic QFT.
> Overlapping divergences are avoided.

» An alternative proof by Zimmermann (Zimmermann 1968 & 1969)
> The R-operation gives rise to a sum over “forests of graphs”.

Ry(p, k) =5, Y (Y S0L )

UeF, AcU

» There has been many extensions of BPHZ.

19
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Pairwise IR cancellation

g9 03

("4 o f’_'ifl"ﬁl“ o t'—TEA o tﬂ’aA + tifltﬁrz'A + tﬂltﬂaA)div =0
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Pairwise IR cancellation

02 03

("4 o tifl'A o tisz o tifaA + tifltisz + tifltJaA)div =0

» Nested divergence cancellation (BREXRHE)
> The term —%,,.A has a divergence at o2, which is
cancelled by the term¢, ¢,,A4 --- relatively simpler.
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Pairwise IR cancellation

» Overlapping divergence cancellation (A& K&
> The term —t,,.A has a divergence at o3, which is
cancelled by the term ¢, ¢,,A.
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Pairwise IR cancellation

» Overlapping divergence cancellation (A& K&
> The term —t,,.A has a divergence at o3, which is
cancelled by the term ¢, ¢,,A.

>|n general, an additional construction is involved.
“enclosed pinch surface”

(toA) iy # 0 T = enc [cr, p{g}}

(tTtUA o tUA)diV plot — [(t’?‘ - 1) tUA}div plo}y — 0
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To construct an ()
enclosed pinch surface 7 =enc [0,;0 }

» Theorem 3
H™) —f(o) ﬂH(P{"}).

i = (I NEEN Y (H9N .1,(”{6})) W (J}"’ ﬂ.zf”””) ,

22
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To construct an ()
enclosed pinch surface 7 =enc [0,;0 }

» Theorem 3
H™ — (o) mH(p{"})_

1 = (4 AU (0 N U (570,
K+£I

The subdiagrams of 7 can be directly “read” from those of 0 and ,0{ 7} .

22
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To construct an ()
enclosed pinch surface 7 =enc [0,;0 }

» Theorem 3
H™ —fo) ﬂH(p{"}).

22
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A two-loop example

o1 (SS), if K} and &5 are both soft;
a9 (C,5)
o3 (5Cq), if K is soft and kY is collinear to [5f;
oy (C,Cy), itk and k5 are both collinear to 5f;
oy (CyCy), if B and k% are both collinear to S
o6 (C,Cy), 1if kY is collinear to 5] and k% is collinear to [
or (C,H), if B{ is collinear to g} and k5 is hard;

os (HCy), if B is hard and kY is collinear to S

if k' is collinear to 37 and &) is soft;

"
4

23
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A two-loop example

N:{@, {oi}ic1. s> {01,009 s> {02,004}, {02,06}, {02,07}, {02,08},

{os,
{o1.
{o1.
{oa,
{os,

{o1,

i

o5}, {03, 06}, {03,007}, {o3.08}, {04,070}, {o5,08}, {06,007}, {06,058},

2.
03
04

J6

03

r{T"l-}.' {Ulrgﬂf
r{TT’}.‘ {D’lrﬂg,
rf’r?}: {U?rgﬁf

rJE*} ! {Ulrgif

 Ti s JT} : JL':TI-.

lISrﬂ‘} ’ {{Tl'-{T?.'G-T} ’ {Jlfﬂ-?rgﬁ}'- {JI:UE:JEJ}: {G’]_..{T:;._G_[{} :
lISr‘f’-*‘} ’ {{Tlf*:T'irG-T} ’ {{Tl,{?’ﬁ,ﬂ'g}, {JI:UG:JE}: {glrJT'.JE‘} :
lISrh-"} ’ {{T?'-Jﬁrgﬁ} ’ JLJ?-'-JS.'G?}'- {0—3:55:‘?3}: {UErJE'.JT} 3

G—-'l-,"g?}'. {JI:J‘E:UE-.HT}: {GI:J?'.G—G:GB}'. {G']__.UE..{TE:._{T&}:

o3, Uﬁrgﬂ} }

There are 52 subtraction terms in the forest formula, and each term induces
8 different IR divergences, but they end up cancelling each other.

23
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Comments on the IR cancellation

» There are various divergences in each term of the forest formula, but all
these divergences form pairs to cancel each other.

» This IR cancellation is diagram-by-diagram.

» Nested divergences are cancelled directly. Overlapping divergences are

cancelled with the help of enclosed pinch surfaces.
> \We proved that each enclosed pinch surface 7 is a leading pinch surface
of the original amplitude A , SO i+ does appear in the forest formula.
> In order to prove that ¢ t, A — t,.A (o} = 0, we checked that lris

exact at p{7/.
> The analysis has also been generalized to repetitive approximations.

24
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Factorization of {, A

» Near each pinch surface o, by applying the approximations and
the Ward identity,

(M |T {9, A" 8, A2...8,, A*}| N) = 0.

the hard, jet and soft subdiagrams can be decoupled.

25
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Factorization of {, A

» Near each pinch surface o, by applying the approximations and
the Ward identity,

(M |T {9, A" 8, A2...8,, A*}| N) = 0.

the hard, jet and soft subdiagrams can be decoupled.

» To decouple J from H:

25
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Factorization of {, A

> To decouple S from J:

B )
Ol ) R

» Feynman rules of the Wilson lines

3 :

> T p. B +ic §
T

g =igpH

26
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Comments on the factorization above

> We need to sum over different Feynman diagrams.

» Near each given o, the sum over approximated amplitudesz ty A
can be written into a factorized form. A
Can we factorize .4 without performing approximations?

» Solution: the forest formula

AW =— 3" ][ (~te) A + R[A™].

FeF[AM) o€l
F+#@

27
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To factorize A --- 5 steps

» Final result:

u7pa,rt

S
J eik

M=) A=H.
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To factorize A --- 5 steps

» Final result:

u7part
M = A =H. . S
Z Teik
. \7133.1‘t . S

(jeik) /2 (jeik) /2
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To factorize A --- 5 steps

» Final result:

u7part
M = A =H. . S
Z Teik
. \7133.1‘t . S

(jeik) /2 (jeik) /2

» Some related work: Sen (1981),
Catani (1998),
Kidonakis, Oderda, Sterman (1998),
Sterman, Tejeda-Yeomans (2003),
Feige, Schwartz (2014),
Erdogan, Sterman (2015).

28
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Summary

» We first briefly reviewed the infrared structure in gauge theories. Each IR
divergent region is called a pinch surface, which can be identified by hard-
collinear and soft-collinear approximations.

» We then studied the pinch surfaces of the approximated amplitudes,
which are generated by hard-collinear and soft-collinear approximations.
They are very different from those of the original amplitude.

» We then studied the pairwise cancellations of the divergences in the
forest formula: nested divergence and overlapping divergence. We

developed the concept of enclosed pinch surface for the latter.

» The forest formula we derived can be applied to show the hard-collinear-
soft factorization of scattering amplitudes.

29
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Outlook

» Our study on the induced pinch surfaces can be applied to the study of the
Soft-Collinear Effective Theory (SCET).

» The forest-based structure has mathematical interpretations, for example,
the Hopf algebra.

» This project focuses on wide-angle scattering. It should be extended to
other QCD processes, like the Regge limit. But then we need to deal with

the Glauber region.

» This project is only for amplitude. We should generalize the analysis to
(weighted) cross sections, and we are on the way!

30







